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The purpose of this paper is to describe a module of the symplectic group which 
is the analogue of the Carter-Lusztig module of the general linear group (Math. Z. 
136 (1974), 193-242). To accomplish this, we use contraction mappings on tensor 
space which were first introduced by Weyl (“The Classical Groups,” Princeton 
Univ. Press, Princeton, N. J., 1946). 0 1986 Academic press, Inc. 
1. PRELIMINARIES 
Let K be an arbitrary infinite field. Fora positive nteger n denote the set 
(1, L., n} by n and for pen, let ji =n + 1 -p. Denote by G the general 
linear g oup of all nonsingular n x N matrixes with entries in K. Throughout 
IZ will be fixed and even, so n = 2h for some positive nteger h. Let YE G be 
the matrix with h ones and h minus ones down the diagonal, zeros 
elsewhere, as shown 
Y= 
0 1 
1 
-1 
-1 
: 0 
-1 
Then the symplectic group Sp = {g E G 1 g’Yg = Y} where g’ denotes the 
transpose f G. 
The K-algebra ofall polynomial functions K, [G] of G is freely 
generated by the n2 coordinate functions cPV: G -+ K (p, v E n) where, for 
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g = (g,& EG we have cpyW = gpvy [4, 2.11. The coordinate ring K[Sp] of 
Sp is the restriction of K, [G] to Sp. Both G and Sp act on the left of their 
coordinate rings in the usual manner, Modules for G are polynomial and 
for Sp rational. 
2. BIDETERMINANTS 
For any positive integers m,r, let Z(m, r) denote the set of all r-tuples 
with entries inm and J(m, r) denote those i= (i,, i:!,..., i,) ~Z(rn, Y)with 
i, > i2 > ... > i,. For i, jE Z(n, r), we write cii for the product citi,ciU> s.3 c~,~, 
in K, [G] or K[Sp]. Denote by ,4(n, r) the set of all dominant partitions 
of r into n positive parts, i.e., partitions I = (Ai, A*,..., 2,)of r such that 
I, >/A, 2 .*. 2 A, 2 0. Let /i(h, r) be the subset of Jn, r) consisting of
those partitions 2 with A,, + 1 = Ah + z = . * * = I, = 0. 
Now, let IE n(n, r); then the ,I-tableau withcoefficients iE Z(n, r) is 
denoted by ri [4, 4.21. Here i1 ,..., i,appear along first row from left o 
right, iA, + I ,..., ii+A2 appear along second row, etc. A i-tableau iscalled 
semistandard (ss)if its entries increase trictly down colums and standard if 
in addition its entries increase along rows from left o right. We order the 
tableau by stating that T> T’ iff the sequence obtained by reading off the 
entries inthe columns of T from top to bottom, starting with the first 
column and ending with the last, is lexicographically larger than the 
corresponding sequence obtained from 7”. 
Since the symmetric group G(r) on r acts on the right of Z(n, r) by per- 
muting coefficients, it acts on the A-tableau by Ti * x = T,, K E G(r). We 
denote by C, the column stabilizer of this action and by {C,} the sum 
C,, ci s(z). rc in Z. G(r), where E(X) is the sign of rc. It is easy to see that 
for any I-tableau T there is some 71 ECl such that T* it is ss. 
Now, let 1EZ(~, r) be the element with A, ones followed byA2 twos, etc. 
Then the ;l-bideterminant [Ti] is the sum 
which is a product of determinants in the coordinate functions in K, [G] 
or K[Sp] [4, 4.31. The linear span in K, [G] of all the R-bideterminants is 
a KG-module which we denote by D,. Note that for rt ECl, we have 
[T. n] = E(x)[ T] so that DA is spanned by all the ss A-bideterminants. It 
can further beshown that it has a basis consisting of those [T] for which T 
is standard, a basis of weight vectors, and is the contravariant dual of a 
Weyl module of highest weight A. Consequently ithas a unique simple sub- 
module of highest weight 1. All simple KG-modules are obtained in this 
way. 
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Now, suppose that 1E A(h, r). Denote by B, c K[Sp] the restriction of 
D, to Sp. It is a KSp-module spanned by all the A-bideterminants i  
K[Sp]. It has a basis consisting of all [T] with T standard and symplectic. 
For the definition of symplectic see [3]. This follows atonce from the 
linear independence ofthe symplectic standard tableau [3] and the lemma 
below together with the fact hat he smallest stableau in our ordering is 
T, which is both standard and symplectic. 
2.1. LEMMA. Let T be a ss A-tableau. If T is not both symplectic and 
standard then CT] is a linear combination fsome CT’] with T’ ss and 
T’ < T. 
Proof If T is not standard then, using Garnier elations, [T]is a linear 
combination as required. IfT is standard but not symplectic the proof 
follows that of Proposition 2.2 of [2], bearing in mind that each bideter- 
minant is a product of determinants or minors. [ 
2.2. Remark. (i) It follows from a detailed proof of Lemma 2.1 that 
when the characteristic of K is zero each [T] is a H-linear combination of 
smaller tableau. For arbitrary characteristic p> 0,these coefficients are 
reduced modulo p. 
(ii) We can naturally embed B, in a quotient module of the type 
described byDe Concini [3, p. 1271. It follows from this that, when K is 
algebraically c osed, B is the dual of a Weyl module and therefore has uni- 
que simple submodule of highest weight A. Moreover, every simple 
KSp-module occurs in this way. 
3. MODULES IN TENSOR SPACE 
Let E be an n-dimensional K-space with basis {e,, e2,..., e,}. The group 
G, and therefore Sp,acts on the left of E by 
g. e, = C c,dg). e,. 
UE” 
We shall consider two nonsingular bilinear forms on E, the standard 
form ( , ): E x E + K given by (e,, e,) = d,,,,, theKronecker delta, nd the 
form ( , ): Ex E+ K determined by the matrix Y, i.e., (e,, e,) = c,,(Y). 
The first form is G-contrauariant n the sense that (ge, e’) = (e, g’e’) for all 
e, e’ E E, gE G. The second form is Sp-contravariant, i.e., (ge, e’) = 
(e, g-‘e’) if gESp. 
Let E’ denote the rth tensor product of E over K. This has basis con- 
sisting ofall ei := ei, @ ei2 @ . . . 0 ei,, i EZ(n, r). Clearly G acts on the left of 
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Er and G(r) acts on the right by e, en = eirr. Itis easy to see that these 
actions commute. 
For each Iz En(n, r) there is a well defined G-morphism 4: E’ + DA which 
maps e, to [Ti] [4,4.4]. Since, for nE Cn we have [Tin] = .s(7r)[Ti] we can 
factor 4 through the G-submodule E’(A) = E’. {C,} of E’. We denote the 
resulting G-morphism by d also. The kernel NA of 4 in E’(d) is generated 
by the Garnier relations 
where G(J) are certain transversals in G(r); for details see Green, [4, 5.21. 
Note that he other elations given by Green are absorbed. 
The Carter-Lusztig-Weyl module V, in E’(I), which was first described 
in [ 11, is the orthogonal complement of N, with respect tothe nonsingular 
G-contravariant bilinear form ( , )i: E(A)xF(A) + K given by (x{C,}, 
y{ CA}), = (x, y{ C,>). It follows that VA is the contravariant dual of D, 
[4.5.1]. Our aim is to find an analogous module for BA. 
We shall require later the following result. 
3.1. LEMMA. The G-module V,is the orthogonal complement of NA with 
respect to the nonsingular Sp-contravariant bilinear form ( , )i: 
WI x E’(L) -+ K given by <x{c~>, Y{C~> A = (x, y(Cn}). 
Proof. First, note that if (ei, ej > = jJ (e,, ejE) is nonzero its value 
depends only on the number of j, < h, t say. Then (e,, ej) = 0 or ( -1)‘. 
Also, if n E G(r), then (e,, ej,) = 0 or ( -1)’ and it is not hard to see that 
(-l)‘(e,, eJ)= (ei, e,), wherej= (Ji, j ..., j,). 
It now follows that, for x E E’, (x{ C,}, eJG(J)) (C,} )A = 0 if and only 
if (x{C,>, ei{G(J))(C,}), = 0 and the lemma is proved. 1 
4. GENERALIZED WEYL OPERATORS 
In [6] Weyl introduced “traceless tensors” inconnection with finding 
the simple modules of both the orthogonal nd symplectic groups over a 
field of characteristic zero. In doing so he used a contraction mapping on 
tensor space and, in effect, i scontravariant dual. This idea can be extended 
to the case of an arbitrary infinite fi ld as follows. 
For a positive integer f d n let Af E denote the f th wedge product of E 
over K. This has K-basis 
i 
/j ei :=ei, A ei2 A .f. Aei,: iEJ(n, f) . 
1 
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Clearly, both G and Sp act on the left of A\-‘E. The form on E induced by 
the matrix Y gives rise to a non-nonsingular Sp-contravariant bilinear form 
( , )/: AfE x Af E -+ K, where, for i, je J(n, f ), (A ei, A e,)./ is the 
determinant ofthe matrix ((e,, e,,)). Note that we set A” E= K. 
Now, following De Concini [3, p. 1241, for a positive integer t with 
2t d f we define a linear map 
w,:AE+/;‘E (4.1) 
by, for k E Jh f ), 
sum over all a, b E J(f, t) with a, < 6, and a, # 6, for all p, v E t, where 
(i) For any de J(f; s), k, = (kd,, k, ,..., kd ) cJ(n, s) and k,, = k,, 
where c E J(S, f- 2t) with {ci, c2 ,..., cf _*(} = f - (a,, b, ,..., a,, b,}, 
(ii) zab is the permutation 
1 2.*.f-2t f-2t+l f-2t+2...f-i 
Cl c2 c/-21 4 b, 
Then w, is a Sp-morphism (using the Laplace xpansion for determinants). 
We find its contravariant dual w,+: /j-2’ E -+ AfE with respect tothe 
Sp-contravariant no -singular bilinear forms determined by the matrix Y. 
It is given by 
(it+, Y)f= cw,(Y))f-2~ 
for all XE/~~-** E, yeAf E. 
4.2. PROPOSITION. We have, for k E J(n, f - 2t), 
sum over all iE J(h, t) with j,, = i, for u E t. 
Proof: Let x = A ek, y = A e, be basis elements of Af - ‘* E and A’E, 
respectively. If F(x) is the r.h.s. of the formula bove, we have (F(x), y) is 
zero unless there is some ie J(h, t) and rr, E G(f) with 
I= (k,, k2 ,..., kYp2,, i,, iI ,..., i,, i,)n,. 
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Clearly, ifi exists both i and ni are unique. In this case the value of 
<F(X), Y> is E(ni)* 
Now, (x, o,(y)) is zero unless there is some a, b EJ(S, t) with a, <b, 
and a, # b, for all p, v E t, and lab = k. If such a, b exist the value is 
But, if this is nonzero then a, b are unique and equal to E(z,~). It is easy to 
see that iexists ifand only if a, b exist and then ~(71~) = ~(7,~) bydefinition 
of rab and ni. Hence 
cm)? Y> = <x7 MY)> 
and therefore F(x) = Ok+ (x) as required. m 
For I E n(n, T) the column stabilizer CL is isomorphic toa direct product 
G(pl) x G&)X ... xG(pJ where p,, pLz,..., ,u~ are the lengths of the 
columns of any L-tableau nd G(pL,) acts on the sth-column. Hence, if we 
make the natural identification of E/{G(f)} with Af E, we can in turn 
identify E’(1) with A\“’ E 0 AP2 E@ . . . @ APr E. We consider this tensor 
product as a Q-module accordingly. 
Now, if we remove m boxes from a column of any I-tableau weobtain a
diagram with columns of length pL1, pZ ,..., pS -m ,..., pLfor some s. Note 
that his diagram need not correspond toa partition of r- m but it is clear 
that G(r - m) < G(r) acts on it and so we can define the column stabilizer 
CL of such “tableau” insuch a way that it is consistent wi h the definition 
of C,. Then E’-“(I’)=E’-“{CI,) can be identified with API E@ ... @
Aps-“‘E@ . . * @ APr E and this has a Q-module structure accordingly. 
We define Sp-morphisms 
by 
where o, acts on the sth term of the tensor product and t > 0, 2t <length 
of sth column. A Q-morphism 
Szf : E’-*‘(A’) + E’(d) 
is defined similarly. We call these maps generulised Weyl operators. Note 
that 0: is the contravariant dual of Q,, with respect to the Sp-con- 
travariant forms on E’(I) and E-*‘(A’) derived from their identification 
with tensor products of wedge products. 
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5. CONTRAVARIANT DUAL OF B, 
Fix 1 E A(h, r). By composing 4: E’(A) + D, with restriction to Sp we 
have a well-defined Sp-morphism 
8: E’(1) -, B,. 
Let ZA denote the Sp-module C Im Szz sum over all valid s, t; where Im 
denotes the image. 
5.1. THEOREM. The kernel of 0 is Z, + N,. 
Proof Clearly NA s ker 8 since NA is the kernel of 4. Consider, for 
some k E Z(n, r- 2t), 
Expanding the Weyl operator we get 
Q(xei;cii)=C CTil 
sum over all ie Z(n, t) which are obtained from k by adding (j,, j, ,.., j , j,) 
in the positions corresponding to the last 2t places of the sth column of a 
A-tableau where jEJ(h, t). 
But this is zero in K[,Sp] by Proposition 2 of [S]. In fact it is precisely a 
multiple of one of the relations given. Thus ZA c ker 8 and therefore 
In + N:, c ker 0. To show the reverse inclusion, we note that he factor of 
E’(I) by ZA + Nn is spanned by cosets of e,(C,} with Ti symplectic and 
standard. This follows from a lemma similar to(2.1) since ZA + N, provides 
all the necessary elations. 1 
Denote by W, the orthogonal complement of ZA + N, in E’(A) with 
respect tothe form ( , )n. Then oA is an Sp-submodule of E’(A) and by 
(5.1) there is a well defined non-singular bilinear form 
(( , >>: W, x B, + K 
given by ((w, O(x))) = (w, x)~ for w E W,, x E E’(A). 
This form is clearly Sp-contravariant and therefore WA is the con- 
travariant dual of B, that we required toconstruct. The next proposition 
describes W, in terms of VA. 
5.2. PROPOSITION. We have WA = V, n Jn, where J, is the intersection of 
the kernels of all possible Q,,. 
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Proof Since by (3.1) V, is the orthogonal complement of IV1 we need 
only show that JA is the orthogonal complement of I,. 
Now, for XEE’(I) we have (In,x), =Oiff (Q$(~),x)~ =Ofor all valid 
s, t and yoErP2’(1’). Fix s, t, then (G,:(Y), x)~ =0 for all y iff 
(JJ, !Jst(x)), = 0 for all y iff xE ker Q,,. The result now follows. 1 
5.3. Remark. (i) The question now arises a to whether we can find a
basis of W, along the lines of that given by Carter and Lusztig [11. 
(ii) A similar construction w rks for the orthogonal group L-51. 
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